
Theory and Application of an Extended Horizon 
Self-Tuning Controller 

A robust version of the self-tuning regulator is developed. The regulator, which 
requires relatively little knowledge of system characteristics (estimated order of 
transfer function polynomials and an upper bound for transportation delays), has 
been shown to yield stable control and convergence for linear, time-invariant 
systems. Simulations and practical tests on a large pilot-scale process have shown 
that the inclusion of a variable forgetting factor and an “extended horizon” control 
criterion provides the regulator with a sufficient degree of robustness and flexibility 
to perform well in a nonlinear time-varying environment. The regulator makes use 
of intuitively easy-to-understand concepts and leaves few degrees of freedom for 
the potential user. Furthermore, extensive experiments and simulation studies have 
shown it to be insensitive to choice of initial conditions and dynamic characteristics 
set by the user. 
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SCOPE 

The idea of the self-tuning regulator was developed (ktrom 
and Wittenmark, 1973) to cope with the problem of controlling 
linear, time-invariant systems with unknown or uncertain 
models, and which were subject to stochastic disturbances-a 
situation which is not common in the chemical industry. There 
have been subsequent attempts to modify the basic concepts to 
obtain algorithms which can deal with the more typical chem- 
ical engineering problem-the control of processes with non- 
linear, uncertain, nonconstant dynamics and with long and 
variable transportation delays. 

In order to deal with this more complex problem it is neces- 

sary to incorporate some adaptive mechanism into the part of the 
algorithm which estimates a model for the process being con- 
trolled. It is also necessary to “detune” the control action in an 
appropriate way to prevent severe overshoot and potential in- 
stability of the real nonlinear process. Finally, it is important 
to reduce the sensitivity of the algorithm to any remaining pa- 
rameters which must be specified a priori by the operator or 
control engineer. 

Only if all the above are achieved is the resulting control al- 
gorithm likely to be robust enough to be generally useful in the 
control of process plants. 

CONCLUSIONS AND SIGNIFICANCE 

It is likely that some form of self-tuning controller will find 
significant application in the control of time-dependent non- 
linear processes within the chemical industry. These controllers 
have the advantages of simplicity, flexibility, and cornpatability 
with microcomputer technology, as well as an intuitively sat- 
isfying basis. 

The results of this study have shown that the basic self-tuning 
algorithm can be modified to produce a version far more robust 
than the early formulations. The algorithm has been shown to 

Correspondence concerning this paper should be addressed to L. S. Kershenbaum. 
B. E. Y&e is presently at Chemical Engineering Department, University of Marsachuset6 

Amherst. MA 01003. 

be stable and convergent for linear, time-invariant systems, and 
requires only a few parameters to be supplied by the operator. 
Moreover, for a wide range of simulations and experiments on 
a large-scale process plant, the algorithm performs extremely 
well in nonlinear, time-dependent situations and is relatively 
insensitive to the actual numerical values of the few parameters 
which do have to be chosen by the user. Specifically, knowledge 
of the time delay in the system and the order of the linearized 
system model (both of which are difficult to predict a priori and 
are generally dependent upon the local operating conditions) 
are not required for the practical implementation of the algo- 
rithm. 

It is felt that further developments in this area could lead to 
a general-purpose control algorithm of sufficient flexibility and 
robustness to gain wide usage in the chemical industry. 
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INTRODUCTION delay; the algorithm is expressed in the incremental form of For- 
tescue (1977) which eliminates offset. 

Accurate dynamic modeling of chemical engineering systems 
is by no means a trivial task. The processes in question are generally 
nonlinear, time-varying, and have variable time delays and other 
nonminimum phase effects. In addition, they are often interactive 
and are perturbed by changes in feedstock and operating condi- 
tions. All of these factors make dynamic modeling and control 
somewhat different from that of typical electrical and mechanical 
systems where linear, time-invariant stochastic models often give 
sufficient flexibility and accuracy even in a high performance 
environment. Accordingly, application of advanced control 
strategies in the chemical industries has had only limited success 
because it often involves a laborious and costly exercise to develop 
accurate process models and advanced control devices. The sin- 
gle-input single-output Ziegler-Nichols tuned three-term regulator 
is still the most successful industrial regulator, and advances made 
in control theory during the past two decades have thus made little 
impact in the industrial community. 

However, the picture outlined above is now changing. Cheap 
and powerful microcomputers are available at low cost and in situ 
data filtering and parameter optimization need no longer be pro- 
cedures reserved for those who are willing to invest in large com- 
puters. Moreover, recent advances made in the theory of robust 
adaptive prediction and control following from the pioneering 
works of Peterka (1970) and Astrom and Wittenmark (1973) point 
toward the possibility of wide application of advanced control in 
industry. Self-tuning regulators have by now been used successfully 
to control and optimize a wide variety of process plants such as 
paper machines and ore crushers (Astrom et al., 1977), batch 
chemical reactors and effluent pH treatment systems (Clarke and 
Gawthrop, 1981), cement kilns (Dumont and Glanger, 1981), and 
chip refiners (Dumont, 1982). All of these applications use relatively 
simple theory for estimator and controller design. Seborg et al. 
(1983) give many more applications and a review of current 
theory. 

The scope for developing new regulators and more robust 
strategies is almost endless, and many of these have been reported 
in the literature. However, the gap between theory and application 
still exists and often these strategies offer little intuitive guidance 
for a practicing engineer on how to implement and initialize the 
adaptive strategy. Although the schemes suggest that the regulators 
adjust themselves, there is invariably a set of parameters that must 
be set by the user, and good performance is often critically de- 
pendent on “correct” choice of these. 

There are also special points that need to be observed when we 
apply adaptive theory to industrial processes. These are concerned 
with integrity, robustness, and stability characteristics when the 
regulators are subjected to adverse conditions such as long periods 
of operation during which little or no dynamic information about 
the plant is available for lack of excitation. It is also important to 
bear in mind that most of the theory is, in essence, linear and 
time-invariant, and therefore not directly applicable to industrial 
situations. Nevertheless, insight can be brought forth through linear 
analysis and it appears important to justify adaptive schemes not 
only through experiments, but also through rigorous stability and 
convergence theory. 

In this paper we explore one set of adaptive schemes in detail, 
referring to theoretical and simulation results as well as to a wide 
range of tests performed on a large pilot-scale process plant. To 
enable the regulator to cope more easily with the special problems 
met in industrial control, we have modified the original self-tuning 
scheme. The most significant modifications are: past data are dis- 
counted by the variable forgetting factor approach of Fortescue 
et al. (1981); the minimum variance control objective is replaced 
by the extended horizon controller of Ydstie (1982) which detunes 
performance and obviates the need for knowing the system time 

Problem Formulation 

We assume in the following that, whatever the actual form of 
the process model, the local behavior of the process can be ade- 
quately described by a linear, finite-dimensional, input-output 
model. The parameters of this model will be estimated on-line from 
available measurements. We are seeking an adaptive controller 
which yields stable input-output behavior during transients and 
that asymptotically achieves optimal performance for a linear, 
time-invariant system. 

It is evident that if an approximate linear model is to be used 
successfully in a time-varying nonlinear environment, it is neces- 
sary to discount old data to enable the estimator to adapt to changes 
and upsets in the process. One popular way of giving more weight 
to recent data is to incorporate a constant forgetting factor less than 
unity in a recursive estimator. This strategy may work well for noisy 
plants, but on near-deterministic systems, which are typical of 
chemical plants, a constant forgetting factor will lead to “covar- 
iance wind-up” and estimator instability. Fortescue et al. (1981) 
discussed this problem in some detail and showed that this insta- 
bility is due to loss of excitation of the system. One source of the 
problem is that useful information is continually discarded because 
the variance of past data is artificially increased even when there 
is little or no new dynamic information coming in from the plant. 
Eventually the plant becomes temporarily or permanently unstable 
depending on the state of the estimator and nonlinearities in the 
process. In that work it was suggested to define a measure of the 
information content of the estimator and to choose a forgetting 
factor at each step to maintain this measure constant. Covariance 
wind-up i s  thereby avoided while adaptivity is retained in such a 
way that the process can adapt itself to both slow and sudden 
changes in process dynamics. 

The scheme, as outlined by Fortescue, has already been tried 
successfully on a chip refiner (Dumont, 1982); it is in continuous 
operation on a commercial paper machine control scheme (Fjeld 
et al., 1981), a Kalman filter application (Doss et a]., 1983), and a 
river water level control system (Fjeld et al., 1983). Further studies 
on the pilot plants at Imperial College suggest that the variable 
forgetting factor approach is indeed a robust and versatile method 
of discounting past information. The scheme has recently been 
developed further, and we give here a more exact version of the 
update formula that requires fewer parameters to be set and that 
provides better intuitive guidance on how the information measure 
should be chosen. 

The early works on self-tuning regulators used a minimum 
variance regulator which, in turn, required knowledge of the sys- 
tem delay time. However, several applications on our own plants 
(Ahmad, 1981; Ydstie, 1982) demonstrated that this control ob- 
jective is often too strong and may lead to drastic control action 
which in turn produces overshoot, intersample oscillations, or 
complete instability when the process is not strictly minimum-phase 
or when the delay time is incorrectly specified. Nanminimum 
phase (inverse response) characteristics, however, appear to be 
common in modeling chemical processes; this weakness together 
with the fact that process dead times are neither generally known 
a priori nor constant, motivated a search for alternative control 
strategies. Clarke and Gawthrop (1975, 1979) introduced a mod- 
ified control objective in which both control action and output error 
are weighted in the cost function; the later version included three 
user-defined transfer functions, which effectively allows the user 
to prescribe the closed-loop response. However the relation between 
the adjustable parameters and the form of the response is indirect, 
and more recent developments (Wellstead et al., 1979, AstrGm and 
Wittenmark, 1980; Goodwin and Sin, 1981) use pole-zero assign- 
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ment rather than optimal criteria in the controller design. The al- 
gorithms are complex, and considerable experience and insight is 
required in making an appropriate choice of parameters. 

A simpler approach is to choose the control to follow a prescribed 
recovery trajectory (typically defined as a first-order response). 
This is related to the Clarke-Gawthrop (1979) controller, the Model 
Algorithmic Control (MAC), first proposed by Richalet et al. (1978) 
and reviewed by Mehra et al. (1982), and is also the basis of the 
Dynamic Matrix Control (DMC) algorithm proposed by Cutler and 
Ramaker (1980); both of these latter algorithms are based on linear 
convolution models rather than the ARMA model traditionally used 
for self-tuning controllers. Adaptive versions of these types of 
controllers have been suggested by Tung (1983) and Lee and Lee 
(1983). 

The accurate profiling of the response is not really an important 
issue, and the essence of all these approaches is to desensitize, or 
detune, the controller in order to achieve robustness. In this work 
we propose a detuning technique which maintains both the intu- 
itive and computational simplicity of the original self-tuning idea. 
Instead of driving the output error to zero in one step (that is, within 
the natural process delay time), we simply allow the controller more 
time. By extending the controller's time horizon in this way, it can 
"look beyond" time delays and periods of inverse response, thus 
rendering it unnecessary to predict the natural time delay, and 
making it possible to deal with variable time delays and other 
nonminimum phase effects. The user has only to choose the time 
horizon to control the amount of detuning, and since this is related 
to the process response time he will have an intuitive idea of the 
required value even before the controller is put on line. In the 
original self-tuning regulator, the user was required to estimate the 
natural delay time, so the number of user-defined parameters is 
not increased, and indeed the choice of time horizon is much less 
critical in the case of the extended horizon controller. 

Extended horizon prediction and control has been suggested and 
used earlier (Peterka, 1970 Tung, 1983; Lee and Lee, 1983; Mosca 
and Zappa, 1984); however, the formulation which we propose is 
simpler computationally, has a more intuitive basis, and is directly 
related to the original self-tuning controller. 

As already noted, the parameters in the process model are esti- 
mated on-line, and it is well known that for a nonlinear system the 
resulting output predictions may well be biased, leading to offset. 
It may therefore be advantageous to incorporate some kind of in- 
tegral action in the controller to deal with this offset. The method 
suggested by Wittenmark (1973) and used by many other workers 
(Clarke and Gawthrop, 1975; Sastry et al., 1977) uses the difference 
between the output and the setpoint in place of the actual output 
in the control law. Unfortunately, this introduces an extra zero on 
the imaginary axis (on the unit circle for discrete formulations), 
which can seriously affect the stability and convergence of the 
controller. Fortescue (1977) suggests using an incremental model 
and regulator where this zero is exactly cancelled by a matching 
pole; thus no nonminimum phase effects are introduced by the 
integration. Simulation and plant experiments (Ydstie, 1982) show 
that this is indeed a more satisfactory way of reducing steady-state 
errors. Other methods to reduce offset are reviewed by Clarke et 
al. (1983). 

THEORETICAL DEVELOPMENT 

The local approximation to the (unknown) process model is as- 

(1) 

where 2-l is the unit delay operator ( Z - ' ( y k )  = !&-I),  D is the es- 
timate of the process delay time (>1), d is a bias parameter, and 
Vk an independent noise sequence with zero mean and variance 

sumed to be a linear discrete-time (ARMA) model of the form: 

A ( z - ' ) y k  = z - D B ( z - ' ) u k  + d + Vk 

q k .  The polynomials A and B are written: 

A(z-' )  : 1 + ulz-l + u ~ z - ~  + . . . + a,z-" 

B(z-1) = b, + b1z-1 + bzn-2 + . . . + bn-lz-"+l (2) 
There is no loss of generality in assuming that polynomials A and 
B have the same number of unknown coefficients (which are to 
be estimated on-line), since trailing coefficients can be zero in 
either or both polynomials. 

In the following we will first discuss possible control strategies 
for this model and then present suitable techniques for estimating 
the unknown parameters. 

Extended Horizon Control 

The minimum variance control law (Kstrom and Wittenmark, 
1973) is obtained by choosing the control U k  so that E { y k + D  I Y k )  

= Y ; + D ,  where y i + ~  is the desired output at time (k + D )  and Y k  
denotes all the information available at time k. For the above 
control law, it is clear from Eqs. 1 and 2 that we must have the 
coefficient b, well-defined and nonzero, and hence D must not be 
underestimated. Overestimation of D usually yields b, # 0 and 
the control is usually satisfactory, but of course if the system is in 
fact linear, the assumed model cannot fit it and the control no 
longer yields minimum variance of the output error. 

We prefer to provide flexibility by choosing an extended horizon 
control strategy in place of the minimum variance control law. The 
extended horizon control is chosen so that E { y k + T I Y k )  = Y ; + ~  
where the horizon T is greater than the true process delay time. 
One is then free to underestimate D (and hence obtain an exact fit 
of parameters if the process were linear) and, as will be shown 
below, still avoid the problem of near-zero critical coefficients of 
B .  Furthermore, we can take explicit account of the fact that 
controls at times later than the current time k also affect the output 

For the controller development it is convenient to express Eq. 
1 in an equivalent prediction model form. Coefficients F and G 
can always be found which satisfy the polynomial identity: 

y k + T .  

1 F(z-I)A(z- ' )  + ~ - ~ G ( z - l )  (3) 
where F ( 2 - l )  =f, + f1z-l + . . . + f ~ - l z - ~ +  and G(z-') = g o  
+ g1z-I  + . . . + g n - l Z - n + l .  Simple manipulations with Eqs. 
1 and 3 yield: 

(1 - Z - T C ( z - l ) ) y k  = Z - D F ( Z - ' ) B ( Z - l ) U k  + F(Z- ' ) (Wk + d).  
(4) 

If the delay time were large and one were certain of its lower 
bound, one could choose D accordingly and be left with fewer 
parameters to be estimated on-line; in all of our work, however, 
we simply take D = 1, its minimum value, and the model can be 
expressed as: 

or 

( 5 )  

It thus follows that 
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2=0 

We have thus expressed the original model as a T-step ahead 
prediction model. We note in particular that if T is greater than 
the (unknown) true process delay time, then the output y k +  T de- 
pends upon future inputs (uk+ 1, Uk+ 2, . . .) as well as upon the 
current input, uk. The extended horizon control criterion will thus 
be satisfied if controls U k ,  u k +  1 ,  . . . U k + T - 1  are chosen so that 

T 

i = l  

where 

i=o i=l 

We see from Eq. 5 that hk+ T may be interpreted as the predicted 
value of Y k  + T with Uk = Uk + 1 . . , = Uk + pl = 0, and hence it is 
known at time k. 

There are many possible control strategies which satisfy Eq. 7, 
and we consider three obvious possibilities: 

Strategy 1. Choose the constant control "k = u k +  1 . . . = uk+~--1 
that satisfies Eq. 7. The law is then given by: 

(9) uk = ( Y i + T  - h k + T )  / 5 Pj 
j = 1  

Strategy 2. Choose the control Uk which together with u k +  1 = 
u k + 2  = . . . U k + T - l  = 0 satisfies Eq. 7. This gives the law: 

Uk = ( Y ~ + T  - h k + T ) / P T  (10) 

Strategy 3. Choose the sequence of controls uk. uk+ 1 , .  . . Uk+ ~ - 1  
which satisfies Eq. 7 and minimizes the control effort, 2T=1~ i+T-1 .  
The solution of this optimal control problem shows that the controls 
should be given by: 

In the practical implementation we recompute the controls at each 
time-step and hence apply only the first control in the sequence, 
giving the law: 

T 
u k = P T ( Y i + T - h k + T )  / c  # (11) 

j = 1  

(Indeed, even in the first two strategies only Uk is implemented and 
subsequent controls are recomputed at later time-steps). 

If the horizon T is in fact equal to the true system delay time, 
any extended horizon strategy satisfying Eq. 7 will yield the min- 
imum variance control law since Pi = 0, i = 1, . . . , T - 1. Larger 
values of T tend to reduce the controller gain, yielding the desired 
detuning. , 

In general, all these strategies give satisfactory controls. Since 
by definition at least one of the P,, j = 1, . . . , T ,  must be nonzero, 
the control called for by strategy 3 is always finite. There are certain 
linear systems which, for a specific value of T, have PT = 0 
and/orCf1Pj = 0; in these special cases, strategy 3 would apply 
no contro and strategies 1 and 2 could call for infinite values of Uk.  
For a nonlinear system, the probability of such a situation occurring 
is negligible. Nevertheless, both strategies 1 and 2 can require very 
large values of uk due to small values of Z&,Pj or &, respec- 
tively. 

Strategy 3 appears to be the preferred choice among those 
considered and the one we have ourselves adopted recently; most 
of the results reported here, however, were obtained using strategy 
1 and, in practice, the results are usually indistinguishable. There 
are numerous other possible strategies which may well be worth 
exploring. 

Some closed-loop stability considerations for these controllers 

have been given by Ydstie (1984), Goodwin and Dugard (1983) and 
Ydstie and Liu (1984). 

integral Action 

As noted earlier, it may be advantageous to include some form 
of integral action into the controller to deal with offset resulting 
from biased estimates. 

The method developed by Fortescue (1977) has be% usedin all 
of our studies. It can be shown that new polynomials F and G can 
always be chosen to satisfy the modified polynomial identity 

1 - z - ~  = (1 - z-')F(z-')A(z-')  
+ (1 - z - 1 ) z - q - l )  (12) 

Manipulation of Eqs. 1 and 12 gives 

y k  = Yk-T + E(Z- ' ) ( l  - Z - l ) y k - T  

+ Z-DP(Z-')B(Z-l)(l - Z-')Uk -k P(Z- ' ) ( l  - Z - ' ) ( d  + U k ) .  

Noting that (1 - Z - ' ) y k  = Y k  - Yk-1 A y k ,  taking D = 1, and as- 
suming a constant value of the bias parameter, d,  we get the in- 
cremental model 

(13) y k + T  = Yk + T i p  + z k + T  

where 

4; ( A y k , A y k - 1 ,  . . . 
- 

1; A U k + T - l , .  . . A u k , .  . . 
A u k - n  + 1) 

- 
6'= (z,,zi,. . . z n - l ;  p i , .  . . &, . . . & + T - I ) ;  t k  = F ( Z - ' ) A V k  

The corresponding control equations for our three strategies be- 
come: 

T 

j = 1  
Auk = ( Y ~ + T - & + T )  /I f l j  forstrategy1 (14) 

A u k  = (q i+ T - &+ T ) / B T  for strategy 2 (15) 

Auk = P T ( Y ~ + T  - h + T )  / Z: ~7 for strategy 3 (16) 
T 

j = 1  

where 
n-1 n-1 

i=o i=1 
Ek+T = Y k  + c &AYk-i  -k c P T + i A U k - c  

(In later work, we have relaxed the assumption of constant d and 
allowed for the estimation of an additional parameter related to 
Ad; the performance remains unchanged.) 

There are several advantages to the incremental scheme. For- 
tescue (1977) has shown that this formulation is equivalent to the 
original positional algorithm cascaded with an integrator to elim- 
inate offset. Furthermore, he shows that the zero which is intro- 
duced onto the unit circle by the integration is exactly canceled by 
a matching pole; hence, no deterioration is produced in the stability, 
convergence, or dynamic performance of the algorithm. A second 
advantage of the incremental formulation is that it is directly 
compatible with those process control computers which operate 
in incremental mode. 

Minlmum Variance Estlmatian with Weighting of Data 

All of the above assumes the existence of a model with known 
parameters. The parameters of the prediction model Eq. 5, are 
unknown and we require an estimation scheme that is robust with 
respect to changing process dynamics. Because the process we are 
approximating is nonlinear, any choice of method will be somewhat 
ad hoc and the performance of a given strategy may vary from one 
application to another. The main aim of a general method is that 
it gives fast convergence and robust stable estimates over a wide 
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range of operating conditions. Furthermore, we desire that the 
scheme have design parameters that are easy to choose and few in 
number. 

The minimum-variance type estimator has been reported to give 
about as fast a convergence as can be expected from a recursive 
estimator (Kumar and Moore, 1982; Fogel, 1982). 

Weighted minimum variance estimates of I9 can be obtained 
recursively by the following algorithm: 

Algorithm 1. 
Given 

( P ,  > 0, T 2 l ,aoi 
(Tk > 0,  0 < hk d 1; k > 11 

set k = 1 

Compute: 1. pkl = + $k-T$;-flkl , 
2. b k  = ak-1  + Pk$k-Trkl[yk - 4 k - d k - 1 1  

Set k = k + 1 then go to step 1. 

b k  in the algorithm is the conditional estimate of I9 based on the 
available information at time k, Pk is the corresponding covariance 
matrix, Tk the variance of measurement yk, and hk is a forgetting 
factor designed to increase the variance of measurements as they 
age. If the values of (uk,Yk) are missing fork < 0 it suffices to take 
the missing values as zero; the algorithm then holds 8 k  = 8, until 

data become available. (The algorithm can also be reformulated 
to avoid the matrix inversion called for in step 2.) 

We can see that for hk = 1, Pkl is continually increasing which 
results in a decreasing sensitivity to new data in Step 2 and the al- 
gorithm eventually loses its adaptability. A fixed forgetting factor 
less than unity prevents this undesirable behavior, but may cause 
other problems, such as decreasing Pkl when there is little infor- 
mation in the data; this can lead to a drift in the estimates or to 
instability. A typical experimental result is illustrated in Figure 1. 
Fortescue et al. (1981) suggest that Xk be selected in order to keep 
a measure of the information content of the estimation constant. 
A suitable measure is the “nominal memory length,” Nk, which 
is a weighted sum of squares of a posteriori errors, that is, the 
weighted residuals (obtained using the current estimate of pa- 
rameters) from all past data scaled by their respective measurement 
variance, 

k 

i =1  
Nk 2 ai/kr;’(Yi - #;-dk)’  (17) 

where 

nk/k = 1; rf/k = XkVf/k-l; i = 1,2, . . . k - 1 

It can be shown that, after some considerable manipulation, Eq. 
17 can be updated recursively (Ydstie, 1982) to yield 

Nk = XkNk-1 + (1 - #;-$k$k-TTkl)Tklef 

or, more conveniently, in terms of the previous value of the 
covariance, 

Nk = hkNk-1 + hkei/(rkhk + 6i-TPk-14k-T) (18) 

where 

ek Yk - 4i -Tak-1  

In the proposed algorithm, hk is chosen to maintain a constant value 
for Nk. Thus at each step enough past information is discounted 
to insure that each estimation of parameters leads to the same 
weighted sum of residuals and hence, in some sense, is based on the 
same amount of information. Thus, setting Nk = Nk-1 = . . . = No 
> 0 in Eq. 18, we obtain 

hk = (nk + -112 (19) 
where 

Wk l#J;-TPk-1$k-TTk1; 121; 1 - Wk - f?i/(TkNo) 

It is easy to demonstrate that hk calculated by Eq. 19 satisfies 0 < 
Xk 6 1 for all k and that hk is close to unity if any of the following 
is true: the process is not excited; the parameters& are close to their 
correct values; the uncertainty inpk-1 is large (wk large); the pa- 
rameter No is large. On the other hand, values of the hk signifi- 
cantly less than unity occur when the error f?k is large but Pk-1 has 
a lower magnitude, leading to small Wk. This, in turn, causes an 
increase in Pk leading to a retuning of parameters. 

In addition, Ydstie (1982) and Ydstie and Sargent (1982) have 
shown that the estimator, when coupled with a minimum variance 
regulator, possesses desirable convergence and stability properties 
in deterministic and certain stochastic cases. 

For practical implementation of the estimator on real plants, one 
would not generally have knowledge of the noise variance rk, and 
how it might vary with time. It can be shown, however, that if the 
noise variance is assumed to be constant and the initial data are 
ignored (Po - a), the estimation procedure reduces to a recursive 
least-squares algorithm in which the “covariance” matrix P is scaled 
by the (unknown) noise variance r .  A suitable information measure 
in this case is given by a dimensional form of the memory 
length, 
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Set k = 1 

This least-squares formulation of the estimation algorithm was used 
in all of our simulation and experimental pilot plant studies. 

Closed-Loop Algorithm: Estimation Plus Control 

The estimation procedure described above can be used in con- 
junction with either a minimum variance or an extended horizon 
control strategy to provide an adaptive self-tuning regulator. Of 
course, the various proofs of convergence and stability of the re- 
sulting algorithms are valid only for linear, time-invariant processes 
and not for real plants. 

Furthermore, identifiability of the closed-loop system may be 
lost when measurements go out of range or when valves saturate. 
In theory, therefore, it is necessary to stop estimation when this 
occurs, Another consideration is that the system is not generally 
closed-loop identifiable when it is operated with a constant feed- 
back control law (Astrom and Wittenmark, 1973) and those authors 
suggest fixing one of the p parameters. Ljung (1977), however, 
shows that the only fixed point solutions of the algorithm are those 
that yield optimal control. In addition, simulation and plant ex- 
periments by many workers have shown that the above consider- 
ations may not be important in the context of adaptive control of 
real process plants. 

The major limitations of the minimum variance control strategy 
are that the delay time must be known and be constant, and that 
the system must have a stable inverse. Both these restrictions can 
be relaxed when minimum variance control is replaced by the 
extended horizon control strategy. Only an upper bound for the 
system delay time is required and a wide class of nonminimum 
phase systems can be stabilized by using the detuning property of 
the time horizon (Ydstie, 1982; Ydstie and Liu, 1984; Hiram and 
Kershenbaum, 1983). 

The complete algorithm can be obtained in a convenient form 
from the above equations after some algebraic manipulations to 
yield: 

Given: (Po > 0, T 3 maximum delay time, 8,,& > 0, n 3 1) 
Algorithm 2. Extended Horizon Adaptive Control. 

Compute: I. e k  = y k ,  - 4;-TOk-- l  
2. W k  = l$k-TPk-l#k-T; 
3. A k  = ( n k  + d a ) / 2  
4. K k  = P k - i l $ k - T / ( A k  + w k )  
5. 8k = a k - 1  + K k e k  
6. P k  = I P k - 1  - K k K ; ( A k  + W k ) ] / A k  

7. u k = ( y I + T - h k + T ) / 5  j=1 01 

n k  = 1 - W k  - d / z o  

Set k = k + 1, go to step 1. 

Comments 
(i) In step 7, h k +  T is given by Eq. 8 above and both h k + T  and 

Z& are calculated using the current estimate of the parameters, 
dk. 

(ii) Also in step 7, we have used the control strategy 1, Eq. 9. This 
can be replaced by other strategies or the scheme can use the in- 
cremental model and control law, Eqs. 14-16. 

(iii) Wide experience from simulation of plants that exhibit 
changes in dynamics indicates that it is preferable to use factored 
updates of P k  rather than updates of P k  directly as indicated by 
step 6. In most of our work, updating of PllZ was carried out with 
a modification of the algorithm by Peterka (1975). Biermann (1977) 
discusses this in detail. 

(iv) On computers with small word lengths, calculation of h k  
via steps 2 and 3 may be numerically unsuitable. An alternative 
method is to solve Eq. 18 for by successive substitution with N k  
= N k - 1  = No and an initial guess of = 1. Adequate convergence 
is achieved within five iterations and the time taken is comparable 
with that required to extract the square root in step 3. 

(v) The algorithm contains three main adjustable parameters: 
n, T, and 2,; the sensitivity of the algorithm to the choice of these 
parameters is discussed below. 

(vi) The algorithm has been formulated using the least-squares 
estimation of parameters for the reasons given earlier. No knowl- 
edge of the noise characteristics is required, although some idea 
of r is helpful in choosing 2, (see Eq. 20) which can be interpreted 
as an effective memory length times the expected variance of the 
predictions. 

Monoethanolamlnr Q+Y- 
solution 

- CO;! A6WRPTION PLANT 

I 

hriphsrals 

I 
Figure 2. Schematic diagram of pllot plant and computer system. 
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Figure 3. Comparison of minimum variance self-tuning regulator with the best PID controller for a step change in set point. 

EXPERIMENTAL STUDIES 

The plant and computer system as used in this research program is il- 
lustrated in Figure 2. (The computer has now been replaced by an IBM-4341 
system.) The carbon dioxide absorber-desorber unit consists of two columns 
(9 m high X 0.25 m diam) for separation of COz from nitrogen using an 
ethanolamine solution as absorbent. The COz is continuously absorbed in 
the absorption column [at 2-4 bar (200-400 kPa)] and is stripped in the 
dewrption column, usually at atmospheric pressure. The loops that have 
been used to study some of the characteristics of the algorithms are flow, 

T I M  (SECONDS) 

Figure 4. Algorithm behavior (minimum variance control) 
during a sequence of set point changes (2, = 0.005, NO - 

10). 

pressure, level, and composition loops. The aim is to find a controller that 
will outperform a well-tuned PID controller for a wide range of operating 
conditions. 

Of special interest is the pressure control of the desorption column. This 
process is nonlinear and is highly interactive with the pressure in the ab- 
sorption column when COz is fed back through the compressor unit as in- 
dicated by the dotted line. Control is achieved via a control valve in a 
recycle line around the compressor. Off-line identification studies using 
correlation techniques and pseudorandom excitation show that a third-order 
model sampled at 4-6 s gives a reasonable description of the pressure dy- 
namics (Tranmer, 1983). An identified discrete-time normalized model 
(sampling time = 6 s) is 

Yk - 1.044yk-1 + 0.@37yk-z + 0.073tjk-3 
= -0.026~~-1 - 0.019Uk-2 -f 0.177Uk-3, 

which has nonminimum phase characteristics. 
In initializing the algorithm, estimation was started first and after 3-6 

estimator steps, the control loop was closed. (Later results have shown, 
however, that performnace will be as good or better if the estimator and 
controller are started simultaneously-Hiram and Kershenbaum, 1983.) 
The self-tuner applied to this system converged quickly due to the deter- 
ministic nature of the problem and easily outperformed any PI regulator 
tuned to perform well for a wide range of process conditions (see Figure 
3). Similar results were achieved for flow and level control (Ydstie, 1982; 
Ahmad, 1981); level control was achieved by manipulating the flow rate 
out of the base of the columns. The self-tuner performed at least as well as 
a well-tuned PID regulator and had the additional advantage of a high 
degree of robustness and ability to adapt to changing parameters. 

As pointed out by Ydstie and Sargent (1982), adaptability is closely related 
to the size of Pk. Simulation and plant experiments, as well as analysis, show 
that the steady-state value of Pk is inversely related to choice of 2,. A large 
2, will give a small Pk and vice versa. However, changes in the process 
dynamics lead to large variations in Pk and, as indicated in Figure 4, Pk can 
show a spiky behavior when there are abrupt changes and when 2, is 
chosen small. 

The robustness with respect to design parameters of the minimum 
variance and extended horizon adaptive controllers has been investigated 
in an extensive program (Ahmad, 1981; Ydstie, 1982) involving responses 
to load and set point changes as well as to stochastic disturbances. The im- 
proved robustness of the extended horizon algorithm is clearly shown in 
Figures 5-8. 

The results of a typical sequence of experiments using the minimum 
variance self-tuning regulator (T = D = 1) with variable forgetting factor 
is illustrated in Figure 5; three of the adjustable parameters-the gain /31 

(here /31 was fixed; in all other runs it was estimated), the model order, and 
the sample time-were changed in turn. Some measure of robustness to 
choice of parameters was demonstrated and it was usually possible to find 
parameters that would yield stable control for the pressure, level, and flow 

Figure 6 illustrates the best achievable performance for pressure control 
with minimum variance regulation. With this control law, some overshoot 
and steady-state ripple occurred with every choice of parameters because 
of the high performance objective. Furthermore, for both pressure and flow 
control a unique value of the delay time (D = 1) had to be selected in order 
to achieve satisfactory performance with a minimum variance control law; 

loops. 
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Figure 5. Sensitivity of minlmum-variance self-tuning regulator to choice of parameters (pressure control) 
(a) estimated gain; (b) model order; (c) sample time. 

for all other choices of delay time (D > l), convergence was difficult or 
impossible to attain. 

The extended horizon controller, on the other hand, appears to overcame 
these problems without significantly reducing dynamic performance for 
T = 2 (Figure 7). A time horizon T = 3 gives similar performance to the 
PI regulator shown in Figure 3 but one which will remain equally good 
upon change of operating conditions. Larger values of the time horizon also 
gave satisfactory albeit somewhat more sluggish, performance; the dynamic 
performance can be significantly improved, however, by decoupling the 
sampling rates for estimation and control and implementing the control 
(step 7 of algorithm 2) more frequently than the estimation. 

Figure 8a illustrates the effect of choice of delay time with the minimum 
variance control strategy for level control; in this case the choice of D is not 
so crucial as it was for pressure and flow control. The intersample ripple 
can be reduced by choosing a longer sample interval at the cost of more 
sluggish response. Alternatively, as shown in Figure Sb, an extended horizon 
controller with the same sample time but a relatively long time horizon can 
be used; control remains excellent despite variations in choice of T. 

DISCUSSION OF RESULTS 

The type of experiments illustrated in the previous section were 
carried out over a wide range of conditions and choice of design 
parameters. In the following we summarize the results which in- 
dicate that several of the adaptive strategies show considerable 
robustness and flexibility. The results are discussed in terms of the 
sensitivity of the various algorithms to choice of design parameters 

2 4 6 8 
TIME(MEKITES) 

Figure 6. Performance of mlnlmum varlance self-tunlng regu- 
lator (pressure control). 

or initial estimates. Most discussion applies to the extended horizon 
controller (Algorithm 2) which had the most promising behavior 
over the widest range of operating conditions. Some discussion of 
further developments is also included. 

Initial Estimates. A range of different initial estimates was tied 
and the algorithms were found to be totally insensitive to choice 
of these. An arbitrary guess of 8, was used in most cases and found 
satisfactory provided update of control action was suspended until 
the parameters adjusted to nonzero values (to prevent division by 
zero or rapid oscillation in signs of the parameters). The initial guess 
for the covariance matrix was, in general, chosen to be very large 
(lo6 X I, or larger) and this was found to function well both in 
simulation and plant experiments. Small initial covariance matrices 
lead to slow initial convergence. 

Model Order. The adaptive algorithms were not sensitive to 
choice of model order. Due to the simple nature of the problem, 
acceptable performance was obtained even with first-order models. 
Third-order models, in general, gave better performance, but no 
further improvement was seen with higher order models. 

EXTENDED H3RIzoN (D.1) I 
- a 2 4 6 8 0 

w 

: I  
10 I 2 l  

2 4 6 t i  Ib 
TIME (MINUTES) 

Flgure 7. Sensltlvlty of extended horlzon self-tunlng regulator 
to choke of time horizon (pressure control). 
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Figure 8. Sensitivity of self-tuning regulators to choice of 
delay time/tlme horizon (level control): (a) mlnlmum varl- 

ance control; (b) extended horizon control. 

Sample Time. Various sample rates were tried; 4-6 s gave the 
best performance for pressure and flow control and 8-12 s for the 
level control. The self-tuner, however, gave stable control for a wide 
range of sample periods (2-32 s for the pressure loop), but inter- 
sample drifts and oscillations, as well as overshoot during set point 
changes, increased with increasing sample time. Extended horizon 
control showed even less sensitivity. 

Choice of 2,. A large L', gives small steady-state covariance 
matrices and slow adaptation, whereas a small 2, gives a more 
responsive system and rapid adaptation at the cost of having larger 
parameter uncertainty and steady-state process variance. 2, = 0.25 
was found to work satisfactorily on the processes considered here; 
this is 100-1,OOO times the estimated variance of the measurements. 
The sensitivity to choice of 2, was, however, found to be small and 
numerous experiments and computer simulations confirm that the 
estimator with variable forgetting factor is able to adapt both to 
slow and sudden changes in process dynamics for a wide range of 
2, (several orders of magnitude). 

Choice of 61. This is only relevant with a minimum variance 
control law and when the strategy of Astrom and Wittenmark 
(1973) is used to fix one parameter to avoid "free" drift of pa- 
rameters in the approximation space. It was found that fll = -1.0 
gave satisfactory performance for the normalized system. The 
range of 01 for which we obtained stable control was, in some cases, 
narrow (a factor of 10 or less) but difficulties in guessing a rea- 
sonable value of p1 by trial and error were only slight. However, 
a much better approach is to estimate along with the rest of 
parameters of B as suggested in Algorithm 2; no difficulties were 
ever experienced when this was done and much time was saved 
in starting up the algorithm. 

Delay T h e :  The choice of the right delay time was found to be 

important for the minimum variance control algorithm with fixed 
61. The algorithm that estimates all parameters was found to be 
somewhat less sensitive to choice of this as long as it was chosen at 
least as large as the transportation delay in the system. The ex- 
tended horizon controller provided a much better solution by not 
requiring an estimate of the delay time at all. A number of leading 
coefficients of B(2- l )  were estimated (on-line) to be close to zero 
depending upon the actual delay time in the system; no interven- 
tion by the user was required. 

T l m  Horizon. A long time horizon requires the on-line esti- 
mation of more parameters and gives slower response, but leads 
to more robust control. Time horizons between 2 and 8 sample 
intervals gave satisfactory performance for the loops listed here; 
in most cases, the actual delay time in the systems studied was less 
than 2 s. 

Zncrenaentul Algorithm. The incremental algorithm gave both 
good transient behavior and zero steady-state error and is to be 
preferred when set point following is important. 

Numerical Considerations. Because of the accumulation of 
round-off errors, direct implementation of Algorithm 2 (specifically 
step 6) is not satisfactory unless nonlinearities are mild and the 
period of operation is limited. Instabilities could be induced after 
only 200300 steps when a time-varying, nonstationary noise sys- 
tem was used. However, the use of the square root factored algo- 
rithm for covariance update (Peterka, 1975) insured that Pk always 
stayed nonnegative and avoided the numerical problems in all cases 
studied; this form of the update is recommended for other 
users. 

Nofse Characteristics. The theoretical discussion in this paper 
has centered around the adaptive control of a white noise system. 
Measurements taken from several loops of the Cop pilot plant 
suggest that this gives a realistic noise model for most, but not all, 
of the processes considered here (Fortescue, 1977; Albrecht et al., 
1980). In current control literature, the discussion has to a large 
extent concerned systems that are perturbed by colored noise l ) k  
generated by a linear filter such that u; = C ( Z - ~ ) O ~ ;  where 2)k is as 
before and C(2-l) is a monic and stable polynomial. The estimation 
problem is now nonlinear and the AML method of Solo (1979) or 
similar techniques can be used to estimate C(2-l). Ljung (1977), 
however, shows that the self-tuner without estimating C(2-l) 
converges to the optimal law and the extra effort involved hardly 
seems merited (Fogel, 1982). Our experience tends to support that 
conclusion. 

Mu~tloaridh Cases. The algorithms here are readily extendable 
to cover multivariable problems (Goodwin et al., 1980, Ydstie, 1982 
Ydstie and Liu (1984) and certain classes of nonlinear problems 
(Svornos et al., 1981). The number of parameters to be estimated, 
however, increases rapidly and it is important, especially in the 
multivariable case, to take account of the natural block structure 
of the canonical models so that parameter redundancy is avoided. 
This problem will be discussed in future publications. 
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NOTATION 

= polynomials in 2-l 
= estimated model delay time 
= bias parameter 
= innovation sequence 
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E(.),E(.I Y k )  = expected value and conditional expectation 
F,G = polynomials in z-1 
hk 

law 
Kk = estimator gain 
Nk = nominal memory length 
n = model order 
nk = scalar defined by Eq. 19 
pk = covariance matrix 
qk >“k = noise variances 
T = time horizon 
uk = input sequence 
vk = noise sequence 
wk 
l/k = output sequence 
Y i  = reference output sequence 
yk 

2-1 = backward shift operator 

Greek Letters 

f f>PJ = parameters in prediction model 
A 3 1 - 2-1 = incremental operator 

= noise sequence 
= vector of parameters 
= forgetting factor 
= product of forgetting factors 
= weighted sum of residuals 

= predicted output in extended horizon control 

= scalar defined by Eq. 19 

= collection of all available information up to time 
k 

2 
Ak 
c i / k  
zk 
Superscrlpts 

- = refers to incremental model 
= estimated value 

Subscrlpts 

k = kth time interval 
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